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Abstract
The modification of the naive potential model of the heavy meson is con-
sidered on the basis of the single-time prescription for the quark-meson form
factor and the covariant choice of the quatk relative momentum. The applica-
tion of the model to the description of the semileptonic decays of the beauty
meson allows one to determine the Isgur-Wise function slope ρ2 ≃ 1.25 and
to extract the value |Vbc| = 0.038 ± 0.003 from the experimental data.
1 Introduction
The extraction of a value for the matrix element of the weak charged current mixing
|Vbc| from the data on the semileptonic B → D(∗)lν decays demands the modelling
of the nonperturbative dynamics of QCD in the framework of the sum rules [1, 2]
or the potential quark models [3, 4]. The detailed experimental researches of the
differential characteristics for the B → D(∗)lν decays [5, 6] have shown, that the
measured slope of the Isgur-Wise function ρ2 = −ξ′IW (y = 1) [7] does not agree with
the estimate in the naive potential model [3] (see also ref.[8])
ρ2naive =
m2sp
ω2
≃ 0.6 , (1)
where msp is the mass of the spectator-quark, ω is the parameter, determining the
width of the wave function, having the oscillator type, φ(~q) ∼ exp(−~q2/ω2), when in
the fitting of the experimental data the different ξIW (y) parametrizations give [2, 9]
ρ2 = 1.2± 0.3 . (2)
1
Naive estimate (1) does not also agree with the values, obtained in the QCD sum
rules [2] and in the lattice computations [10]
ρ2SR = 1.0÷ 1.3 , (3)
ρ2Lat = 1.24± 0.26± 0.33 . (4)
In the original ISGW paper [3], coming from the experimental data on the elastic
form factor of the pion, the authors have introduced the correcting factor k ≃ 0.7,
corresponding to account of relativistic corrections for the light spectator quark, so
that
ρ2ISGW =
m2sp
ω2
1
k2
≃ 1.2 . (5)
In paper [11] one has noted, that the k-factor appearance is mainly caused by the
accurate covariant choice of the relative momentum of quarks inside the recoil meson
at its nonzero momentum in the rest frame of the decaying meson.
In the mentioned potential models, the mesonic state is built up as the superpo-
sition of free constituent quarks, so that this wave packedge belongs to the single-
particle representation of the Poincare group in the limit of the infinitely narrow
wave function (ω → 0) only.
In ref.[12] the covariant form of the potential quark model has been offered on
the basis of the single-time prescription for the quark-meson form factor.
In the present paper we make the systematic consideration of form factors for
the semileptonic decays of heavy mesons in the covariant model with the account of
the relative quark momentum modification, offered in ref.[11]. So, we find, that in
the potential model with the wave function of the oscillator form, the optimal value
of the Isgur-Wise function slope is equal to
ρ2 = 1.25 , (6)
so that the fit of the experimental dΓ(B → D∗lν)/dq2lν spectrum leads to the result
|Vbc| = 0.038± 0.003 . (7)
2 Quark-meson Form Factor
The nonrelativistic wave function for a bound S-state of quarks with the masses m
and m′ in the meson rest frame has the form
Ψ(t, ~x, ~x′) = e−i(m+m
′+ǫ)t φ(~x− ~x′) CJSS′ , (8)
where ǫ is the binding energy of the quarks, C is the spin factor. Function (8)
corresponds to the quark-meson form factor with the single-time prescription
χ(P ; q) = 2π δ(Pq) φ¯(q¯2) , (9)
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so that the momenta of quarks, entering the meson, are equal to
k =
m
m+m′
P + q ,
k′ =
m′
m+m′
P − q , (10)
and the relative momentum q¯ is defined by the expression [11]
q¯ = q − P (P, q)
M2
, (11)
where P is the meson momentum, P 2 = M2, N in eq.(9) is the normalization factor.
So, the quark meson vertex has the form
Lqq¯′M = u¯(−k)ΓMu′(k′) D−1(k) D−1(k′) χ(P ; q) , (12)
and
ΓP = γ5
1 + vµγ
µ
2
(13)
for the pseudoscalar 0−-state, and
ΓV = ǫµγ
µ 1 + vµγ
µ
2
(14)
for the vector 1−-state with the polarization vector ǫµ. The D(k) value defines the
quark propagator
S(k) = (kµγ
µ +m) D(k) , (15)
so, in the limit of a low energy for the quark binding (ǫ≪ m), we have
Im D(k) =
πM
m
δ(Pq) . (16)
One can easily show, that in the single-time prescription, form factor (9) satisfies
the Bethe-Salpeter equation in the leading order over the low binding energy
ΓM χ(P ; q) = D(k)D(k
′)
∫
d4q′
(2π)4
V (q¯′) ΓM χ(P ; q
′) 4µM , (17)
after the integration over q0 in the frame of P = (M,~0), if D(k) is approximated by
the expression for the free quark and φ¯(q¯) satisfies the Schro¨dinger equation with
the potential V (q¯) and the reduced mass µ.
One has to note, that the constituent masses of quarks are defined with the
accuracy up to a low value of the order of the binding energy.
Further, the leptonic constants are determined by the expression1
f = fP,V = 2
√
3
M
φ(0) , (18)
1 We use the normalization with fpi ≃ 132 MeV.
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where φ(0) is the normalized wave function at the origin. In the consideration of
the oscillator function
φ(~r) =
(
ω2
2π
)3/4
exp(−r2ω2/4) , (19)
we will have
φ¯(q¯) = exp(q¯2/ω2) (20)
N =
M
mm′
√
6
f
. (21)
Further, in the ISGW model [3] the ω parameter was determined from the variation
principle, when one found the best description of the heavy meson spectroscopy in
the Cornel model potential [13] in the class of the probe functions of the oscillator
form, since, generally, with the increase of the distance between the quarks, the
nonrelativistic wave functions in the different potential models are rapidly dropping
under the law, close to the exponential one.
In the present paper we use another procedure for the choice of the ω parameter.
Indeed, approximating the heavy (Qq¯) meson wave function in the oscillator
form (see eq.(19)) with the accuracy up to O(1/mQ)-terms, corresponding to the
spin-spin splitting, for example, for meson mass we get the expression
M = mQ +mq +
3
4
ω2
mq
+ δV , (22)
where δV is the contribution of a perturbation, corresponding to the deviation of
potential from the oscillator one. Then, let us chose the model parameters, so that
it would describe the meson mass by the best way, i.e. we suppose
δV = 0 . (23)
Further, the effective mass of the constituent light quark must, by its sense, be
determined by the dimensional parameter of the meson wave function. Thus, the
only parameter of the model with the oscillator wave function must be the ω quantity,
and the quantity
Λ¯ =M −mQ (24)
must not depend on mq, i.e.
2
∂Λ¯
∂mq
= 0 . (25)
From eqs.(23) and (25) it follows, that
mq(ω) =
√
3
2
ω , (26)
Λ¯ =
√
3ω . (27)
2 We neglect the contribution of the low current mass of the light quark.
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Thus, the Λ¯ quantity is the only parameter of the model in the leading approximation
over the inverse heavy quark mass, so that mQ = M − Λ¯.
The Λ¯ estimates have been obtained in the QCD sum rules for both the heavy
mesons [2, 14]
Λ¯ = 0.57± 0.07 GeV , (28)
and the heavy quarkonium [15]
Λ¯ = 0.59± 0.02 GeV . (29)
In the furthercoming calculations we accept the mean value in eq.(29). Then, for
the leptonic constants of B- and D-mesons, we obtain the estimates
fB ≃ 80 MeV , (30)
fD ≃ 130 MeV , (31)
which agree with the estimates in the QCD sum rules [1], where fB = 90÷200 MeV,
fD = 120÷ 250 MeV. For the mass of the light constituent quark, we have
mq ≃ 0.3 GeV , (32)
that is also in a good agrement with the notions about this parameters in the quark
model of hadrons.
3 Semileptonic Form Factors
Let us consider the amplitude of the B → D(∗)lν transition (see Fig.1)
A =
GF√
2
Vbc lµ H
µ , (33)
where lµ is the weak current of leptons, H
µ is the hadronic matrix element of the
Jµ current
Jµ = Vµ − Aµ = b¯γµ(1− γ5)c . (34)
Introduce the standard definitions of the scalar form factors
< B(p)|Aµ|D(k) > = F+(t)(p+ k)µ + F−(t)(p− k)µ , (35)
< B(p)|Jµ|D∗(k, λ) > = −(M +MD∗)A1(t) ǫ(λ)µ
+
A2(t)
M +MD∗
(ǫ(λ)p) (p+ k)µ
+
A3(t)
M +MD∗
(ǫ(λ)p) (p− k)µ
+i
2V (t)
M +MD∗
ǫµναβ ǫ
ν
(λ)p
αkβ . (36)
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Figure 1: Semileptonic B decay due to b transition into c.
Then in the model under the consideration, we get the following explicit expres-
sions at t = (p− k)2
F+(t) =
1
2
(mb +mc)
√
MD
M
1
mc
ξD(t) ,
F−(t) = −1
2
(mb −mc + 2msp)
√
MD
M
1
mc
ξD(t) ,
V (t) =
1
2
(M +MD∗)
√
MD∗
M
1
mc
ξD∗(t) , (37)
A1(t) =
1
2
M2 +M2D∗ − t + 2M(mc −msp)
M +MD∗
√
MD∗
M
1
mc
ξD∗(t) ,
A2(t) =
1
2
(M +MD∗)(1− 2msp/M)
√
MD∗
M
1
mc
ξD∗(t) ,
A3(t) = −1
2
(M +MD∗)(1 + 2msp/M)
√
MD∗
M
1
mc
ξD∗(t) ,
where at X = D, D∗
ξX(t) =
2ωBωX
ω2B + ω
2
X
√
2ωBωX
ω2By
2 + ω2X
exp
(
− m
2
sp
ω2By
2 + ω2X
(y2 − 1)
)
, (38)
with y = (p, k)/MMX , so that
y − 1 = tm − t
2MMX
,
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where tm = (M −MX)2 is the maximum square of the lepton pair mass.
The expressions for the differential widths dΓ/dkX, where kX is the momentum
of the recoil meson in the B-meson rest frame, can be found in ref.[12], for instance.
Note, that the account of the modification of the relative quark momentum in
the meson has been also made in ref.[16], where one has considered the Bc-meson
decays. However, first, one has used the kinematics of free quarks (this has made the
consideration to be very bulky), and, second, one has substituted implicit numerical
expressions for the heavy quarkonium wave functions, so this does not allow one to
make an explicit comparison with the oscillator function models, used wide.
4 Infinitely Heavy Quark Limit
As is shown in ref.[7], in the limit mb,c ≫ ΛQCD, the matrix elements of the weak
currents take the universal form
< B(p)|Jµ|D∗(k, λ) > =
√
MMD∗ ξIW (v · v′) ×
×(ǫµ(1 + v · v′)− v′µ(e · v)− iǫµναβvνv′αǫβ) , (39)
< B(p)|Jµ|D(k) > =
√
MMD ξIW (v · v′) (v + v′)µ , (40)
where v = P/M , v′ = k/MX , y = v · v′. In this limit, the wave functions of the
heavy mesons do not depend on the heavy quark flavour
ω = ωB = ωD(∗) , (41)
i.e. the scaling law for the leptonic constants takes place
f 2 ·M = const. , (42)
and the following condition is satisfied
ξIW (y = 1) = 1 . (43)
In the model, being considered, the infinitely heavy quark limit leads to the validity
of relations (39)-(43) and to the expression
ξ(y) =
√
2
1 + y2
exp
(
− m
2
sp
ω2(1 + y2)
(y2 − 1)
)
, (44)
that, in the model parameter optimization considered above, results in
ξopt(y) =
√
2
1 + y2
exp
(
−3
4
y2 − 1
y2 + 1
)
. (45)
At the low (y − 1) values, eq.(44) gives
ξ(y) = 1−
(
1
2
+
m2sp
ω2
)
(y − 1) , (46)
or in the optimal regime, one has
ξ(y) = 1− 1.25(y − 1) , ρ2 = −ξ′(y = 1) = 1.25 . (47)
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5 Meson Dominance for the Form Factors
In accordance with the meson dominance, the form factors of the semileptonic meson
transitions must have the form
F (t) =
F (0)
1− t/M2P
, (48)
where MP is the mass of the meson, corresponding to the transition current. For
the semileptonic B → D(∗)lν decays, one has MP = MBC = 6.3 ÷ 6.8 GeV [17]. In
the limit mb,c ≫ ΛQCD, one will have MP = (mb+mc), and dependence (48) results
in
ξMD(y) =
2
y + 1
, (49)
so that
ρ2MD =
1
2
. (50)
From eqs.(46) and (50) it follows, that in the quark model, the meson dominance
takes place under the condition
mq ≪ ω ,
so that at mq → 0
3
4
ω2
mq
≃ Λ¯≪ mQ ,
i.e. only when the wave packedge is infinitely narrow in comparison with the heavy
quark mass and, instanteniously, it is infinitely broad in comparison with the con-
stituent mass of the light quark. However, these conditions are explicitly not valid
in the heavy (Qq¯) meson, where mq ∼ ω.
In the naive potential model, because them2sp/ω
2 ratio is numerically close to 0.5,
one can draw the conclusion about the approximate validity of the meson dominance
for the form factors of the B → D(∗)lν transitions (see ref.[12]). However, we find,
that the correct covariant description of the quark model leads to the violation of
the meson dominance for the transition form factors.
6 Data Analysis and |Vbc|
In the numerical analysis of the semileptonic decay widths, in accordance to the
optimal set of the parameters (set I)
Λ¯ = 0.59 GeV ,
mq = 0.3 GeV ,
mb = 4.7 GeV , (51)
mc = 1.4 GeV ,
fB = 80MeV ,
fD(∗) = 130MeV ,
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Table 1: The total widths of the B → D(∗)lν decays (in 10−6 eV), calculated in the
present model, in comparison with the experimental values (< τB >= 1.5 ps).
Ref. B → Dlν B → D∗lν
PDG[19] 8± 3 31± 10
set I 9.3 30.6
set II 10.4 30.5
we have also considered set II
mq = 0.35 GeV ,
mb = 4.9 GeV ,
mc = 1.5 GeV , (52)
fB = 150MeV ,
fD∗ = 250MeV ,
fD = 220MeV .
The results of calculations for the total widths of the B → D(∗)lν decays are pre-
sented in Table 1 at |Vbc| = 0.038.
In the limit of infinitely heavy quark, on the basis of expression (45) for the Isgur-
Wise function, the analysis of the differential distribution in the decay B → D∗lν
(see [3, 5, 6, 18]) leads to the value
|Vbc| = 0.038± 0.003 , (53)
that is in a reasonable agreement with the estimates in the other models (see ref.[18]).
7 Discussion and Conclusion
In the present paper we have considered the covariant potential model of the heavy
meson in the single-time prescription for the quark-meson form factors with the
modified choice of the relative quark momentum inside the meson. In contrast to
the naive potential model, the offered consideration of the semileptonic B → D(∗)lν
decays is in an agreement with the experimental interval for the possible values of
the Isgur-Wise function slope, so that at the optimal choice of the parameter for the
oscillator-like wave function of the meson, when the mass of the constituent light
quark is adjusted with the width of the wave packedge, one gets the value
ρ2 = 1.25 ,
at which the analysis of the experimental data yields
|Vbc| = 0.038± 0.003 .
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Note, that the considered in [11] Wigner rotation of the light quark spin is beyond
the applied approximation for the quark-meson form factors and it is the attempt
to take into account relativistic effects of the light quark motion inside the meson.
We have also considered the conditions for the realization of the meson domi-
nance in the q2-dependence of the semileptonic transition form factors and shown,
that the meson dominance can not take place for the transitions of the heavy-light
systems.
Thus, the offered quark model with the only parameter (Λ¯ = M − mQ) allows
one reasonably to describe the QCD dynamics in the heavy meson and to extract the
|Vbc| value from the data of the experimental researches of the B → D(∗)lν decays.
The reliability of this description can be tested on the basis of the study of the
data on the other heavy meson decays3 and the improvement of the experimental
accuracy.
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